
I a) Xu ,V) = (asiucosv , binsar , casul

Xu: /absucsv, bessusr , -esmin)
Xr= (asmusmir , bsinncsv , of

E = <Xu ,Xu>= dessness +bessmr+esin
=(a+b) cos +2SinzU

* = <Xu ,Xv> =- asusiucssV +business

=(b2 a) susmincsvsir .

G= <Xu
,
Xu) = asiusmr+ bismus

b) Xu , ) = (aunshr , businhr, n2
Xu = (aushr , bsihr , 2u)
X= (ausihr , busshr , 3) .

E = (Xu ,Xu) = ass+bswh+4n2

F = Xu /Xv3 = acshswhr+bunshuswihr

G = <Xr ,Xr>
= a smh+biosh



2) We firstshow that X(n ,v) = (usiacssv, usinasir, ucosal
is a parcom ofthe cone with angle ofverter 22 .

Note that X(n ,v) = (f(u)essv
,
f(u) Sar , g(u)(

where (f(n) ,g(u)) = (usia , ucsx)
i
.
e

.

itis a surfaceof revolution ofthe are ((u) = (f(u) ,g(u)).
around z-axis .

We nowshow theae Y (h) isastraight line through the
origin with internal angle < .: za e

SX

So whenwe revolve around z-axis,
-

the angleat vertex will be >y
2x:

L
Note that X

e (0) = 10, 0) , so passes through origin .

Internal angle. 8 :

tant+fy) - asmsag(u)/=
tank => 8 = < .

So Xis the paran . of love with angle at verthe=29 .

2nd Part : For convenience, well first compute E,F . Gifthin
parame
Xu= (sixessv, smasair, vs)
X= (-usixsmir , usiacsv , 8)



E=Xuxu = sin2x cos + snasmr+cos=Sixtesx= 1 .
F = <Xu/Xv3 = -usiness six tusinessin= 8 :

G= <Xv ,Xu)
= n2sixsmr+sm ess2V=Usi

.

Now let 4 (t) bea generatorof the cone, it .
Y(t) = X (t , to) , to = const .

Then the angle to becalculated,A , is given by
26s8 : <8 CE) ,4 (t)

! y

By chan rule,4 It) = (t) 'Xu+Xr = Xa
1 (t)1= Mul = 1 by above.

Since ~(t)= X(<act) ,t) ,
u(t) ·

then (t) =X(u(t) ,t) and by chain rle , we have

vt) = n(t) Xu + Xr

viC) = <exp(tsmact) Sinact .

= Snixctalt)
18t)R= < 2(t) , 2'(t) D = Sh'(t) Xu+Xr ,n() Xu+Xr>

=ScatnE+2u'CELE + G
= Six coth(t) + v(t) sin
= hi(t) Swind (It est) ·



=> (2)) = u(t) sinc (Hest)"
So cost = <(t) ,4:
uCt)Xu+Xr, Xu>

u(t)sind (Hestp)"2
I
- -satute/ &(itest 7B
=ut
litt
== = esp .

s
=> cost = cos .

So the angle of intersection is ./



3)↳ Let X : UER -> S bea parameterization, p=X(niv) .
We wantA write grad(f)p = <Xu + B Xr · for some

&

<
,

.
We want to fund < ,

.

In particular,

<grad(f)p , Xn) = <xXn+BXr , Xn> = x<Xu ,Xu>+>Xr ,Xu)
= <E+ F

.

By defin of grad(f)p , LHS = dfp(Xn)= (fufr)/s] = fu .

=> fu= xE+ F .

Similarly, grad(f)p ,X = x F + BG
and fr = dfp(Xr) = <grad(f)p ,Xr) = <F+ BG .

So we have the system

G
fu = xE+ p

E
. [ ][4] = [E]

.fr = <F + pG .

[E) a r( ] = - -r(* ][
=> a

=fit, f
So gradAp= frFXn + EntXv .

/in



b) By defin , dfp(r) = <grad(f) p , v)
< Kgrad(Ap , v) I

Lovely -> Igrad(f)p1/ = /grad(t)p1 .Schwenz

and maximum is attained if rand grad(f)p are
linearly dependent, i.e . v= X grad(fip for someNe .

Since NI=1, me must have = I
'

-

grad(t)p1 .

Reinsecting into ineg. above , meesee that Igattsp) for first
inequality As bean equality ·
i
.

e
. dfp(V) achieves may among (v): 1 if

v- !
e



4) at p , me decompose tpS into theeigenspaces of Sp , it .

Sp = (-] , m ,
kn are principal auvertures/eigenvales

and
, un cre the pin at directions/eigenvectors -exp

Snice H=0
, =(k ,+kz) = 0 => kz= -k, and

kp = kikz= -R .

Then wite =Gil, +92U2
,
W= bitbaUz .

We here

<dNp(r) ,dNp(u))= <-Splu) ,-Sp(u)>
=Splan ,+ach) , Sp(b ,n,+bruz))
=<a ,Sp(u) + anSp(uz) , b, Sp(u)+beSpluz))
= ↳a ,kinazkzks , bik, +bakz4z) :

- saikim-Arkinz
,
bik, n,-bekinz

=hi <a,U - -Azlz
,

b , UI-bzUz>

-- hi (a ,bu ,wi-abin-amb , this
(↓ Azbz Uz,U?

= kpV ,w .

Since <V
,=<all,tazkz,bin,+bruz)= a ,bitambr ./

.


